Receiver operating characteristic (ROC) analysis was used to estimate positional discrimination thresholds for a theoretical simple cell by assuming Poisson distribution of the response, average response strength, and an optimal spatial frequency of 16.0 cyc/deg. These thresholds were compared to the positional difference required to generate a response change of one action potential. This comparison indicated that the inability to alter the response by less than one spike may be limiting positional accuracy. Taking account of this limitation, displacement thresholds were, depending on parameters, estimated to be as small as, or smaller than, the lowest psychophysical thresholds of about 2 sec of arc. This suggests that it may be possible to account for even the lowest human hyperacuity thresholds in terms of single cortical neurons.
Introduction
The limit of conventional human visual acuity is about 1 min of arc. However, human observers are able to detect misalignments or positional differences as small as about 1/30 of this value (Westheimer & McKee, 1977) . Acuity of this latter kind is commonly referred to as hyperacuity (Westheimer, 1981) . Examples of hyperacuity are vernier acuity (Wü lfing, 1892), stereo acuity (Berry, 1948) , bisection acuity (Fechner, 1858) , orientation discrimination (Westheimer, Shimamura, & McKee, 1976) and spatial frequency discrimination (Campbell, Nachmias, & Jukes, 1970; Hirsch & Hylton, 1982) . The interest in hyperacuity has been generated, at least in part, by the large difference between hyperacuity thresholds and visual acuity thresholds (Westheimer, 1981; Crick, Marr, & Poggio, 1981) . While it is generally accepted that visual acuity is limited by the size and spacing of photoreceptors, the physiological basis for hyperacuity is less clear. The present study estimated positional acuity of theoretical simple cells, i.e. positionally selective cortical neurons.
It was found that the positional acuity in these neurons may be as fine as or even finer than that of human hyperacuity. This suggests that it may be possible to account for even the lowest hyperacuity thresholds of human observers on the basis of individual cortical neurons.
Methods
In the present study a simple cell is modeled as having a linear stage followed by a threshold and half-wave rectification. In a linear stage the response as a function of spatial phase (i.e. position) can be expressed by a convolution of the receptive field and the stimulus. The convolution of any function with a sine is itself a sine (scaled and possibly phase shifted) with the same frequency as the original sine function 1 . The response of a simple cell to sine gratings can therefore be modeled as a sine function followed by thresholding and half-wave rectification. This means that the neuronal response to a sine function of a given frequency is defined by only two factors: the threshold level and the response amplitude.
Following Movshon, Thompson, and Tolhurst (1978) the threshold was assumed to be minus 8 spikes/s. The response amplitude was computed in two ways using an average response (to 63% contrast gratings) of 20 spikes/s (Skottun, Grosof, & De Valois, 1988) : (1): the peak amplitude was set equal to the time-average response to drifting gratings, i.e. to 20 spikes/s; and (2) the amplitude was calculated for a space-average response of 20 spikes/s (i.e. the space-average response was assumed to be equal to the time-average response to a drifting grating) which makes the peak response about 67 spikes/s. The two resulting response versus position (i.e. spatial phase) functions are depicted in Fig. 1A .
The ability of a neuron to signal a change in stimulus position is determined by (1) the change in (average) response caused by the change in position, and (2) the response variability. The mean response as a function of position was described above (and is shown in Fig.  1A ). The response variability, i.e. the distribution of responses around the mean, was assumed to be a Poisson distribution:
where w denotes the mean of the distribution and g denotes the response strength (Zar, 1984 ) (see Section 4 regarding this assumption). Receiver operating characteristic (ROC) analysis (Green & Swets, 1974 ) was used to determine percent correct discrimination for a series of pairs of Poisson distributions (see Gabbiani & Koch, 1998, The analysis was carried out for an optimal spatial frequency of 16 cyc/deg. That there in the monkey cortex exist neurons tuned to spatial frequencies this (1) With a peak response equal to 20 spikes/s; and (2) with a space-averaged response equal to the time-averaged response, which makes the peak response (about) 67 spikes/s. The two conditions are referred to as peak = 20 and peak = 67, respectively. The arrows point to the area of the curves where the ROC analyses were carried out. (B) Example of a curve representing percent correct discrimination as a function of D position (in incremental steps of 0.28 sec arc). Each data point was obtained by applying the ROC analysis to a pair of Poisson distributions. To each pair there was associated one D position value. The D position threshold was taken to be the D position (arrow) at which the curve crosses the 75% correct level (horizontal dashed line). (C) Estimated D threshold as a function of the fraction of action potentials contributing to discrimination. Thresholds are shown for estimates based on five different fractions: On all action potentials generated during a 1 s period (1/1); on half of the potentials (1/2); a quarter (1/4); an eighth (1/8); and a sixteenth (1/16) of the potentials generated during an average second. Data are shown for both of the response profiles in A (i.e. peak= 20 and peak = 67). The numerical values are given in Table 1 . The dashed lines represent the D position required to alter the response by one action potential. The values are given in Table 2 . As can be seen, these values are somewhat higher than the thresholds estimated using the ROC technique. This means that the ability to signal positional differences may be limited by the inability to alter the response by less that one action potential.
high is well documented (see, e.g. Hawken & Parker, 1990) .
Results
Because it seems unreasonable to expect that all action potentials generated over the course of an entire second contribute to positional discrimination and since the actual integration time is not known, the discrimination threshold has been plotted, in Fig. 1C , as a function of the fraction of action potentials contributing to discrimination, i.e. the fraction of action potentials generated in one average second. Data obtained from both of the neurons in Fig. 1A are shown. The D position threshold values are given in Table 1 . The thresholds range from 0.42 to 16.5 sec arc and decrease with increasing fraction of action potentials.
Because the number of action potentials has to be an integer value, the smallest change in response is one action potential. Using an algorithm based on the arcsin function, the D position required to change the response by one action potential was calculated. The results are given with dashed lines in Fig. 1C and by numerical values in Table 2 . These values are somewhat higher than the thresholds estimated from ROC analysis. This indicates that a neuron with Poisson variability would be limited in its positional resolution by its ability to alter its response by 1 spike.
Discussion
Several of the thresholds estimated in the present study (Fig. 1C and Tables 1 and 2 ) are below the 2-5 sec arc (Westheimer & McKee, 1977 ) generally accepted as the lower limit to human hyperacuity. This means that it would be reasonable to expect human hyperacuity to be within the capabilities of individual cortical neurons. The results also indicate that it should be possible to obtain this performance even if only 1/4-1/8 of the spikes within 1 s are integrated. Most of the estimates are lower than the lowest thresholds reported in actual cells (Parker & Hawken, 1985; Shapley & Victor, 1986; Swindale & Cynader, 1986; Hawken & Parker, 1990; Lee, Wehrhahn, Westheimer, & Kremers, 1993) . In some cases this may be attributed to the fact that the cells were recorded in the cat (Shapley & Victor, 1986; Swindale & Cynader, 1986 ) which does not have neurons tuned to frequencies as high as 16 cyc/deg. In cases where the recorded neurons were in the monkey (Parker & Hawken, 1985; Hawken & Parker, 1990; Lee et al., 1993 ) the difference may mean either that the assumptions underlying the present estimates, although they seem plausible (see below), may have been too favorable, or, alternatively, that the earlier recording studies have not fully assessed the capabilities of the most accurate neurons. (Also, some combination of these two alternatives is clearly possible.)
The main assumption in the present analysis is that the responses conform to a Poisson distribution. There are both theoretical (Rieke, Warland, de Ruyter van Stevenink, & Bialek, 1997) and empirical justifications for this assumption. Empirical support comes from preparations as diverse as the fly's visual system (de Ruyter van Stevenink, Lewen, Strong, Koberle, & Bialek, 1997) and the cat's visual cortex (Tomko & Crapper, 1974; Tolhurst, Movshon, & Dean, 1983) . One feature of a Poisson distribution is that the variance equals the mean. Investigators have found this to hold for a large range of different time windows: 3, 10, 30, 100, 300 and 1000 ms ; 250 and 500 ms (Tolhurst et al., 1983) ; and 800 ms (Tomko & Crapper, 1974) . In some studies the variance has been observed to be somewhat larger than the mean (Tolhurst et al., 1983; Carandini, Heeger, & Movshon, 1997; Shadlen & Newsome, 1998) . These observations, however, incorporate both instantaneous and long term variability a The D position thresholds are given for two ways of computing response amplitude (i.e. peak = 20 and peak = 67 spikes/s) and for five different fractions of spikes, i.e. for integration of 1/1, 1/2, 1/4, 1/8, and 1/16 of the spikes generated during an average second. , 1983) . When making comparisons to psychophysical discrimination (in which observers make decisions based on stimuli presented simultaneously or close together in time) it is mainly the instantaneous part of the variability that is relevant. Attempts at limiting the contribution from long term variability have been shown to reduce the variance and to make it more similar in magnitude to the mean (Tolhurst et al., 1983) and, consequently, more consistent with a Poisson distribution. It appears therefore that to assume a Poisson distribution of the instantaneous portion of the response variability is reasonable. Also, it seems that if the variance were increased to 1.5 or even 2.0 times that of the mean it would be unlikely to alter the main conclusions of the present study, particularly because the ability to signal positional differences appears to be limited by the ability to alter the firing by one action potential. The present analysis was based on a very simple neuronal model (see Section 2) and on plausible values of response variability, response amplitude, integration time, and optimal spatial frequency. It seems therefore that human hyperacuity of a few seconds of arc may be consistent with the response properties and spatial resolution of individual cortical neurons and may not be as mysterious as sometimes thought.
